The theory of liquids formulated in part I and applied to the equilibrium state in part II is here extended to liquids in motion. The connexion between the macroscopic and microscopic properties is revealed by the derivation o f a set of generalized hydrodynamical equations, of which the fundamental equations o f hydrodynamics are a special case; the more general equations describe the mean m otion o f clusters o f molecules in the fluid. It is shown that the pressure tensor and energy-flux vector in a fluid consist of two parts, due to the thermal m otion of the molecules and the intermolecular forces respectively, of which only the first is found in the kinetic theory of gases, but of which the second is dominant for the liquid state.
Introduction
In the first paper of this series (Born & Green 1946) , we have explained a general method for dealing with an assembly of equal particles not in equilibrium; in the second (Green 1947) , the special case of equilibrium has been treated, and it has been shown th a t even here, where the new method is completely equivalent to statistical mechanics, it is more powerful in obtaining explicit results. In the present paper, a moving fluid will be treated in more detail, and not only the thermo-mechanical equations of motion, but also rigorous expressions for the coefficients of viscosity and thermal conduction will be given. The latter will be simplified for comparison with expressions found in the literature (which, however, can be regarded only as dimensional formulae). In this way theoretical justification for certain empirical formulae will be found, of the type first mentioned by de Guzman (1913) and studied in detail by Andrade (1934) , which are known to give excellent agreement with experiment.
Concerning the method of approximation, it has been found th at the method developed by Hilbert (1912) , Enskog (1911 Enskog ( , 1917 and Chapman (1912 Chapman ( , 1916 , fails for the multiple distribution functions A new one has therefore been devised, based on an expansion with respect to the space gradients of the equilibrium parameters (density, mean velocity and temperature).
One feature of the results has to be mentioned particularly, namely, the appearance of condensation as a singularity not only in the equilibrium equations, but also in the expressions for the dynamical constants. We wish to stress the point th at we differ fundamentally from the ideas about condensation held by many modern writers, and clearly formulated by Kahn (1938) in his well-known dissertation, namely, that the horizontal part of the isotherm in the diagram (p = const.), representing the co-existence of liquid and gas, is contained in the general thermo dynamical expressions. In fact, the co-existence of the two phases means only th a t there are two values of v for the same p; the straight line connecting these points has no meaning unless a parameter strange to the theory of one phase is introduced, e.g. the mass ratio of the two phases. We believe th at K ahn's derivation of this line p = const, is based on a misconception of the situation; for he assumes the virial coefficients (fin) to be constants, whereas they depend on the volume for high values of n. K ahn's results have really a different meaning: he has found the liquid branch of the isotherm without noticing it.
In this paper no attem pt will be made to obtain exact numerical values for physical constants, as this will require extended and tedious calculations. Apart from these, we hope to generalize the theory in the following different directions. The first and most obvious step is the introduction of internal degrees of freedom of the particles (molecules); this is probably closely connected with giving up the assump tion of central forces. Then mixtures of two or more kinds of particles have to be considered in order to obtain the laws of ordinary and thermal diffusion; the latter (Soret effect) will be of special interest, as no satisfactory theory for liquids seems to exist. Also our theory gives, as shown in part II, clear indications of the appear ance of the solid state; we hope that it will lead to a better understanding of the present lattice dynamics and its limits, in particular to a theory of melting and plasticity.
The most important generalization envisaged is the introduction of quantum mechanics. For there are known several examples of quantum 'liquids': helium n (superfluidity), the substance of nuclei (droplet model), and perhaps electrons in metals (superconductivity). I t is, of course, hopeless to try to understand the abnormal viscosity in liquid helium if one has no theory of viscosity in normal liquids. This gap has now been closed, and we wish to extend our theory of viscosity to quantum liquids.
The tensor notation used in this paper is th at devised by Chapman & Milne (see Chapman & Cowling 1939, chapter 1) . Vectors are represented in clarendon type (a), and cartesian tensors in sans serif type (w). The transpose of a tensor w is w; its products with a vector a (both vectors) are denoted by w .a and a.w ; the spur product with a second tensor w' (a scalar), by w : w', etc.
A general kinetic theory of liquids. I l l
H ydrodynamics
The fundamental equation of the theory [(4*5) of part I] may be written in the form
where -ilJK nvr\f --
so that, while P (i) = ¥(t, x(i)) is the external force acting on a molecule at x m r$ includes the average force due to the presence of the other molecules, the positions of the first h of which are assumed to be known.
In this section, the generalized hydrodynamical equations referring to such a cluster of h molecules wrill be derived from (2-1). By integrating this equation over the velocities .
is obtained, where rwxr h (2-4) (2-3) and (2-4) were obtained previously, as (3-3) and (3-4) of part I, where (2-3) was interpreted as the generalized equation of continuity. Let I be any function of the time t and the co-ordinates x(1)... x {h\ Then it follows from (2-3) that
Next, after multiplying (2-1) by \ (i) and integrating over all the velocities,
is obtained, since the right-hand side of (2-1) is seen to contribute nothing, after an integration by parts over Q®. On applying (2-5), (2-6) becomes Further, on writing p^j) = k^j) + \ty\ (2-10) where 1^ is defined by the equation
This is the generalization of the equation of motion of ordinary hydrodynamics, to which it reduces when h = 1. It is clear th at the pressure tensor p$p consists of two parts kty^ and \ty\ of which the first is due to the thermal motion of the molecules, and the second to the intermolecular forces. I t is customary to neglect this latter part in the kinetic theory of gases, but in liquids, far from being negligible, it is clearly the dominant part.
When (2T) is multiplied by ^(,:)2 and integrated over all the velocities, the resulting equation is
defining a generalized temperature Tty, which reduce Tty a t the point x(i) when h = 1. Equation (2T3) is first transf (2-5) and (2T2), with the result
(2-15)
Finally, by using (2*8), the following is obtained: for I in (2-5); note that a factor \ must be inserted in localizin to show th at the energy is shared by the two molecules concerned; otherwise an incorrect expression for the internal energy would result from integrating over the whole fluid. I t is found th a t -(A+l)1 + ,5i dx°r> ' n,t (2) (3) (4) (5) (6) (7) (8) (9) (10) (11) (12) (13) (14) (15) (16) (17) (18) (19) and so, with the aid of (2-3),
This may be written in the form
Then, on adding (2-16) and (2-22), the following composite equation results:
where
(2-25) and (2-23) may now be regarded as the generalization of the equation of energy trans port, and it is seen th at the energy flux q)P, like the pressure tensor, must be regarded as having two parts, due to the thermal motion and the molecular forces respec tively.
The general expansion procedure
I t was pointed out in §2 of part II th a t the integro-differential equation (2*1) possesses solutions much more general than those which, apart from minute random deviations, describe the condition of actual fluids; the latter we call 'norm al' solutions.
A normal solution is determined completely when the density nx, the mean velocity u x, the temperature Tx, and the external force P, are known through it is sufficient to know the first three of these at a given time t, since the hydrodynamical equations (2-3), (2*6) and (2*13) for 1 determine their subsequent variation. The more general solutions are distinguished from the normal solutions in th at they may depend on the time t directly, as well as indirectly through the density, velocity, and temperature; also they may depend on the co-ordinates explicitly in a more general way than we expect of the normal solutions, namely, as a symmetrical function of the relative co-ordinates of the h molecules. As only the normal solutions of (2*1) are required for the present purpose, we postulate where the x(,:) occur only symmetrically in the combinations r W j) = x(j) -x(l), and the Xk (k = 1, ..., 8) represent the values n, u, T and P of the density, velocity, tem-1 h perature, and force respectively at the m centre
From the definitions of nh, u>p, Tff, v%}, p%J'\ etc., it then follows th at all these quantities will be functions of the same kind as Fh; for example, h 0j\r where again the xw occur only in the combinations r (o')? so th at 2 = 0. More generally, if c represents any of the quantities enumerated, c = 02Afc ' 3 x 0 x ' (3*2) the small letter always being replaced by the corresponding large letter to denote explicit dependence on the Xk. ^ Î t is now supposed th at C is expanded in powers of ^, ..., so th at c = c°+ c' + c" + ..., (3*3) where
and, in general, c(r) involves only r derivatives of the \ k.
From the hydrodynamical equations (2*3), (2-12) and (2-16) with 1, it follows th at
0c° _ a o° i aAfca o°0
x r / a aA* + ^S^-0^0^-p. One further remark may be made concerning the dependence of Fh on u: it is clear, on physical grounds, th at the distribution of velocities among the molecules of a fluid about the mean u is independent of any translational motion of the fluid as a whole. Hence
Fh will contain u only in the combinations v® = the derivatives , ^--u etc.; so th at 0X 0X0X^+
2^ = o
By integration over the velocities it follows also th at The equation to determine F® is easily derived from (2-1) th a t a n 0 u ' r n^i p . (3. 19) <ri\ * 8x® Sx<»'85<«j i .J J 0x«> ' 85«) ? • 1 ' I t is unnecessary to solve this equation, however, as it has been obtained from (2*1) by writing 0Afc/0x = 0, i.e. by postulating equilibrium conditions, and the solution of (3-19) must therefore coincide with the known equilibrium solution of (2-1):
Here, in accordance with (3*18), N^ does not contain u, though it is, in general, a function of n and T as well as the relative co-ordinates. Substitution of (3*20) in (3*11) to (3-15) now leads to nx = n, and
T f = T, k f^ = N%kTSij\, mk«» = 0; | it follows from these th at n [, T'x, u'x, n'[, T"x, u"x, etc ., must al From (3*5) it is found th at which agrees precisely with the equation, first found in part I, for determining the equilibrium value of nh, thus confirming our adoption of the equilibrium form of f h for F^. Note that the external force P(x(i)) does not influence the 'zero' approxi mation in any explicit way; this could be foreseen from the fact that the constant force P(x) accelerates all the molecules in the same way, and can therefore influence only the density distribution, which has been assumed to be given.
The following equation is found by comparing (3-23) and (3*25); and writing h = 2 and r = x(2)-x(1):
0T / a x . u This may be regarded as an integro-differential equation for the (partial) deter mination of U ( 2 2 provided ^. u 0. I t will appear later how u can be determined from other sources.
At present we wish to draw attention to the failure of the above solution when
i.e. when the internal energy of the fluid is changing a t a certain rate with tem perature. On approaching this point, the average relative velocity of two molecules 0 at a given separation tends to infinity, unless ^. u = 0; this means th a t the con dition of the fluid, even in equilibrium, is highly unstable for small changes in the volume. One can hardly fail to associate such a condition with condensation, or rather the limit of superheating above the boiling point, and we therefore regard (3-31) as the exact analogue of the 'condition for condensation' found in part II.
Viscosity and thermal conduction in liquids
Before proceeding to calculate the viscosity and thermal conduction coefficients, the form of where r and t' are functions of n, T and r only. The form of other functions involving the a 's and 6's may be determined in a similar way, but here it is necessary to note only th at N 2 and N%, like N'2, must be even functions of r. Now turn to the equation (2-11), which, with 1, determines the part I of the pressure tensor due to the molecular forces, namely, in agreement with the formula found previously for the part of the pressure tensor due to the molecular forces in equilibrium. The constant of integration has been rejected to ensure l°-*0 as n->0. In the same way, from (4-7), 
n = ~jv(r)tj>'(r)r3d r -Y s m j 't2(v)v1dv. (4-13)
In the kinetic theory of gases, no account is taken of the first term in (4T3), due to the molecular forces; the second term is found to be small and to decrease with the temperature. In liquids, however, the viscosity is much larger, and increases with decreasing temperature; it is therefore reasonable to conclude th a t the first term of (4T3), far from being negligible for the liquid state, is the dominant one in the complete expression. This conclusion is supported by the observation th at it is roughly proportional to the square of the density, and so becomes very many times larger in the process of condensation.
To calculate the coefficient of thermal conduction, it is necessary to obtain first the energy flux vector q'. From (2*22) it is found th at and, on integration, n ' = -j j ' r^. f U^' + U fO A ld r = --t j(Ta + T'a')</>'(r)r3dr, when substitution is made from (4-4). Also, from (3T5), on the understanding th a t dp/dx = 0 , V -so that, accord (4-9), a' = /ca, where, again, the second part is dominant for the gaseous state, but the first term, which does not appear in the theory of gases, becomes of major importance for the liquid state.
Preliminary discussion of the coefficients OF VISCOSITY AND THERMAL CONDUCTION
The complete content of the formulae (4*13) and (4-19) can be discussed only after a rigorous determination of the deformation of the radial distribution function by the motion of the fluid. However, this requires the solution of a complicated integro-differential equation, to be developed in the next section, which is a con siderable task. I t therefore seems desirable to derive simple approximations to the exact laws, for comparison with experiment. I t will be assumed th at the second term, due to the thermal motion, in each of the formulae (4*13) and (4*19), can be completely neglected for the liquid state, j'r.b.r, which is the second approximation to the radial distribution function in non-equilibrium conditions, must clearly be proportional to the first approxima tion iVgCr), which gives the density dependence. Hence* p = oqiVjj(r), (5*1)
where cq is a factor of dimensions [l~2t] involving only r and accordingly 1 / \* ai~r f e y • (5-2) Substituting (5*1) in (4*13),
The factor N% in the integrand of (5*3) rises from zero to a sharp maximum at th distance r1 of the nearest neighbours from a given molecule. When account is taken * A closer study shows that the details of the following calculation require amendment; but the result (5*11) is still unaffected. of the second factor <f>'(r)r*, this maximum is only slightly displaced, and the integrand is almost zero elsewhere. Hence the integral may be evaluated by the method of 'steepest descent', with the result In order to compare (5*8) with corresponding formulae involving the frequency v0 of vibration of the molecules about the equilibrium point r0 in the molecular field, one may take = -y r -6{l -K v 1)6}, (5-9)
according to Lennard-Jones (1924) ; then v0 is given by 4n2mv% = rf>"(r0) = 36yr^"8.
Substituting for y from (5-10) into (5-8), and taking n = 2 (as for a face-centred cubic structure), it is found finally that Formulae of this type have been suggested before. Andrade (1934) regards viscosity as produced by the transfer of the momentum of molecular vibrations from one 'layer' to a neighbouring one, and obtains, for the melting-point, where v1 is Lindemann's frequency. One recognizes this factor in our formula, but with constant v0 referring to the diatomic molecule; the actual dependence on volume is given by the factor = (vq/v^K In fact, Andrade's derivation seems to us an ingenious dimensional consideration, which, however, fails to give the correct dependence on volume since dimensionless factors (powers of ?;0/-y1) cannot be found in this way. Andrade also finds the exponential factor, but gives no theoretical explanation except th at it ought to be of the form of a Boltzmann factor.
A different formula for the coefficient of viscosity has been given by Fiirth (1941) . I t is based on his theory of ' holes '; the liquid is regarded as a continuum containing small bubbles, the size and apparent mass of which depend on the surface tension.
As these bubbles transfer energy and momentum from one layer to another, the coefficient of viscosity can be expressed in terms of the surface tension. Furth's formula contains an exponential factor of the same type as ours; the remaining factor cannot be compared with ours because of the entirely different assumptions made. But Fiirth has shown that his formula is practically identical with Andrade's because of some empirical relations between the constants involved; and similar considerations can be applied by coupling Fiirth's formula with our own, or that of Ewell & Eyring (1937) It is now seen by substitution in (4*19) that the thermal conductivity consists of two terms, the first of which is proportional to the viscosity, and the second of which depends on the coefficient of expansion, through the parameter k. Owing to the complication of this second term, it is more difficult to derive a simple formula of general applicability for the thermal conductivity, the complete discussion of which is therefore deferred until a rigorous treatment can be given.
. T h e i n t e g r a l e q u a t i o n f o r F'h
The equation for the determination ofw ill now be derived from (2*1) in accord ance with the general expansion procedure outlined in §3. The expression for 
J J s ( x (A+1)-x^).
a a^+ u a n + i d x^d^+ V .
As an indication of the general method, this equation will now be discussed for the simplest case h = 1, when it reduces to m /j0
The last term on the right-hand side of (6-4) cancels with the terms involving the pressure on the left-hand side. Apart from a term involving (6-5) is an exact analogue of the corresponding equation in the theory of gases. I t is convenient to define the function * e = j f '^,(6-6) which must be of the form e = e06 + elrv r .a + e11,rv .a + e 2rv2r.b .r -t-e 2mrv r .b .v -f e2l,r2v .b .v . (6-7)
Terms involving b', a 'a n d b' may possibly occur, but if they do, (6-5) c provide little information concerning them, because they do not occur on the left-hand side.
A number of conditions must be satisfied by e; for example, since it is convenient to expand them with respect to z in Legendre polynomials, thus: **= S e ? P ,(2)> (6' 12) l where the involve r and v only. Now substitute from (4-2) and (6-7) into (6-8), making use of integration formulae which will be found in the appendix ( §7); comparing coefficients of b, a and b respectively, it appears th at To treat (6-10) in the same way, an expression for -U^') is required, to combine with (4-4). I t must be an odd function of r, and is accordingly of the form A K U f '-U^') = t;06r + y 2r.b.rr + y2r2b.r, (6) (7) (8) (9) (10) (11) (12) (13) (14) (15) where v0, v2 and v2 are functions of n, T and r only. It now follows from (6T 0) th at It is obvious that the formulae of this section remain valid when r and v are interchanged. 
